First eigenvalue for p-Laplacian with mixed boundary conditions on
  manifolds by Wang, Kui
ar
X
iv
:1
40
9.
71
45
v1
  [
ma
th.
DG
]  
25
 Se
p 2
01
4
FIRST EIGENVALUE FOR p−LAPLACIAN WITH MIXED
BOUNDARY CONDITIONS ON MANIFOLDS
KUI WANG
Abstract. In this paper, we mainly study eigenvalue problems of p-Laplacian
on domains with an interior hole. Firstly we prove Faber-Krahn-type inequali-
ties, and Cheng-type eigenvalue comparison theorems on manifolds. Secondly,
we prove a comparison theorem for eigenvalues with inner Dirichlet and outer
Neumann boundary in minimal submanifolds in Euclidean space. Lastly we
give a sharp estimate of the eigenvalue (with outer Dirichlet and inner Neu-
mann boundaries) in terms of the Dircihlet eigenvalue, and also we give an
upper bound of the eigenvalue with inner Dirichlet and outer Neumann prob-
lems by the diameter of the hole inside.
1. Introduction and main results
Let D1 and D2 be bounded domains in a Riemannian manifold M
n and assume
that D1 ⊂⊂ D2. Let
Ω = D2 \D1 = D2
⋂
Dc1.
WhereDc1 denotes the complement ofD1. We refer ∂D1 and ∂D2 as inner boundary
and outer boundary of Ω respectively. For the sake of convenience, we always
assume that both ∂D1 and ∂D2 are smooth. In this paper, we mainly consider the
following two eigenvalue problems of p-Laplacian (1 < p < +∞):
Problem 1.1 (Inner Neumann boundary and outer Dirichlet boundary).
(1.1) λp(Ω) = inf{
∫
Ω
|∇u|pdx∫
Ω |u|pdx
: u ∈ W 1,p(Ω) with u|∂D2 = 0 and u 6= 0}.
Problem 1.2 (Inner Dirichlet boundary and outer Neumann boundary).
(1.2) µp(Ω) = inf{
∫
Ω |∇u|pdx∫
Ω |u|pdx
: u ∈W 1,p(Ω) with u|∂D1 = 0 and u 6= 0}.
Where W 1,p(Ω) denotes Sobolev space {u : ∫Ω |u|pdx < +∞, ∫Ω |∇u|pdx < +∞}.
It has been shown (see e.g. [3, 4, 7, 15]) that there exists an unique (up to a
multiple) minimizer u that solves the Problem 1.1. Consequently λp > 0. Moreover
one can show (see for example Section 6.5 in [4]) that u does not change sign in Ω
and u satisfies the following PDE in the weak sense
(1.3) − div(|∇u|p−2∇u) = λp|u|p−2u.
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That means for any φ ∈ C∞(Ω) with φ = 0 in ∂D2, it follows that∫
Ω
|∇u|p−2〈∇φ,∇u〉dx = λp
∫
Ω
|u|p−2uφdx.
For regularity results, we see from [12, 14] that u(x) ∈ C1,α(Ω¯) for some α ∈ (0, 1).
Furthermore u(x) satisfies boundary conditions u(x) = 0 on ∂D2, and
∂
∂ν
u = 0 on
∂D1. Where ν denotes the normal vector field. Throughout the paper, We call u
the normalized eigenfunction if it is positive in Ω and satisfies
∫
Ω
|u|pdx = 1.
Similarly, it is also true that µp is simple and positive. The corresponding
normalized minimizer v(x) ∈ C1,α(Ω¯) and satisfies
(1.4) − div(|∇v|p−2∇v) = µp|v|p−2v,
in the weak sense with Dirichlet boundary ∂D1 and Neumann boundary ∂D2.
In this paper, we would like to establish some estimates for λp and µp. If D1 is
empty, there have been several well-known results, such as the Faber-Krahn-type
inequality and Cheng-type inequality [1, 10, 9]. Our main goal here is to give
analogue inequalities for p-Laplacian when D1 is non-empty. More precisely, We
show the following theorems.
Theorem 1.3 (A Faber-Krahn-type inequality on Rn). Let D1 ⊂⊂ D2 in Rn and
p > 1. Then we have
(1.5) λp(Ω) ≥ λp(D∗2 \D∗1),
and
(1.6) µp(Ω) ≥ µp(D∗2 \D∗1).
Here D∗1 and D
∗
2 are the round balls in R
n centered at the origin with volume equal
to that of D1 and D2 respectively. The equality holds if only if Ω is isometric to
D∗2 \D∗1.
Remark 1.4. Analogue results of (1.5) and (1.6) can be proved similarly as Theorem
1.3 in space form Mnκ with constant curvature κ (hyperbolic space for κ < 0 and
Euclidean sphere for κ > 0).
Theorem 1.5 (A Faber-Krahn-type inequality on positive manifolds). Let (Mn, g)
be a Riemannian manifold. Assume that the Ricci curvature RicM of (M
n, g) is
bounded from below by n− 1. Denote by Sn the n-dimensional unit round sphere in
R
n+1. Let β = Vol(S
n)
Vol(M) . Then for any p > 1,
(1.7) λp(Ω) ≥ λp(D˜2 \ D˜1),
and
(1.8) µp(Ω) ≥ µp(D˜2 \ D˜1).
Here D˜1 and D˜2 are geodesic balls in S
n with volume equal to βVol(D1) and
βVol(D2) respectively.
Remark 1.6. We mention here that if M = Sn, Theorem 1.5 gives (1.5) and (1.6)
in the sphere case.
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Theorem 1.7 (A Cheng-type inequality). Suppose (Mn, g) is a complete Riemann-
ian manifold. Let 0 < r1 < r2. Assume that B(o, r2) in M
n is an injective ball of
radius r2.
(1) If on B(o, r2) the Ricci curvature of (M, g) is bounded from below by (n− 1)κ.
Then
(1.9) λp(B(o, r2) \B(o, r1)) ≤ λp(B(o¯, r2) \B(o¯, r1)),
and
(1.10) µp(B(o, r2) \B(o, r1)) ≥ µp(B(o¯, r2) \B(o¯, r1)).
(2) If on B(o, r2) the sectional curvature of (M, g) is bounded from above by κ, we
have
(1.11) λp(B(o, r2) \B(o, r1)) ≥ λp(B(o¯, r2) \B(o¯, r1)),
and
(1.12) µp(B(o, r2) \B(o, r1)) ≤ µp(B(o¯, r2) \B(o¯, r1)).
Here B(o¯, r) is a ball of radius r centered at o¯ in the space form Mnκ with constant
curvature κ.
For Laplace operator (namely p = 2), we have the following comparison theorem
on minimal manifolds. This type comparison inequality was firstly proved in [2].
Theorem 1.8 (A comparison inequality on minimal manifolds). Let Mn be a
minimally immersed submanifold of Rn+l, l > 1. Then for o ∈M and 0 < r1 < r2,
(1.13) µ2(D(o, r2) \D(o, r1)) ≥ µ2(B(o¯, r2) \B(o¯, r1)).
Here D(o, r) = Bn+l(o, r)
⋂
M , and Bn+l(o, r) denotes the n+ l-dimensional round
ball with center o and radius r in Rn+l, and B(o¯, r) is a ball of radius r in Rn. The
equality holds if only if D(o, r2) \D(o, r1) is isometric to B(o¯, r2) \B(o¯, r1).
We recall that the standard Dirichlet eigenvalue of p-Laplacian is defined as
(1.14) λp,0(D2) = inf{
∫
D2
|∇u|pdx∫
D2
|u|pdx : u ∈W
1,p(D2) with u|∂D2 = 0 and u 6= 0}.
For λp,0(D2) and λp(D2 \D1), we have the following estimate.
Theorem 1.9. Let Dǫ ⊂⊂ D2 in Rn.
(1) Assume that the volume of Dǫ goes to vanishing as ǫ → 0. Then we have the
following sharp estimate
(1.15) λp(D2 \Dǫ) ≤ λp,0(D2) + CVol(Dǫ),
where C is a constant independent of ǫ.
(2) Assume further that Dǫ is star-shaped and the diameter of Dǫ goes to vanishing
as ǫ→ 0. Then there exists a constant C independent of ǫ such that
(1.16) λp,0(D2) ≤ λp(D2 \Dǫ) + CArea(∂Dǫ),
(3) Under the assumption of (2), there exists a constant C independent of ǫ such
that
(1.17) µp(D2 \Dǫ) ≤ Cdiamn−2(Dǫ).
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We can see from (1.15) and (1.16) that as Dǫ goes to vanishing, λ(D2 \ Dǫ)
converges to the Dirichlet eigenvalue of D2. Thus by taking a limit, we see that
Theorem 1.3, and Theorem 1.5, and Theorem 1.7 generalize the classic Faber-
Krahn-type inequality and Cheng-type eigenvalue comparison theorems.
For n > 2, we see from (1.17) that if Dǫ goes to vanishing as diam(Dǫ) → 0,
µp(D2 \Dǫ) converges to zero which is the 1st Neumann eigenvalue of D2.
The organization of the paper is as follows. In section 2, we set up the notations
and comparison theorems on manifolds, and we give basic properties of eigenfunc-
tions in space forms. In section 3, we prove a Faber-Krahn-type inequality. In
section 4 and 5, we prove some Cheng-type comparison theorems on manifolds and
an eigenvalue comparison inequality on minimal manifolds in Euclidean space. In
the last section, we derive an estimate of the eigenvalues in terms of the standard
Dircihlet (Neumann) eigenvalues, and we prove the sharpness of the estimates.
2. Eigenfunctions on space forms and comparison results
2.1. Notations. One of this purposes of this paper is to give some comparison
theorems on Riemannian manifolds of the p−Laplace operator. For the sake of
convenience, we start by setting up the notations here.
On Riemannian manifold (Mn, g), we denote byB(o, r) the geodesic ball centered
at o of radius r. It is convenient to use the polar coordinate (t, θ) at o. Here θ
is the standard parametrization of Sn−1. For θ ∈ Sn−1, l(θ) is so defined that the
geodesic given by γ(s) = expo(sθ) is minimizing up to s = l(θ). In terms of polar
coordinates (t, θ), we write the volume element dx as
J(r, θ)dr ∧ dθ.
In the space form Mnκ , the volume element J¯ at x, which is r(x) distance away
from a fixed point o¯, is given by sn−1κ (r). Where
sκ(t) =


1√
κ
sin
√
κt, κ > 0,
t, κ = 0,
1√
|κ| sinh
√
|κ|t, κ < 0;
cκ(t) =


cos
√
κt, κ > 0,
1, κ = 0,
cosh
√
|κ|t, κ < 0.
We need the following well-known comparison theorem (see also [3, 8]), which
will be used frequently to prove the theorems.
Theorem 2.1. Let B(o,R) be a geodesic ball centered at o of radius R in M .
(1) [Bishop] If the Ricci curvature tensor of M at any point x in B(o,R) is bounded
below by (n− 1)κ. Then for any θ ∈ Sn−1 and 0 < r ≤ min{l(θ), R}, the function
J(r,θ)
J¯(r)
is a non-increasing function of r and J(r, θ) ≤ J¯(r).
(2) [Rauch] If B(o,R) is an injective ball and the sectional curvature is bounded from
above by κ, it then follows that the Hessian of the distance function r(x) = d(o, x)
satisfies that
Hessian(fκ(r(o, x))) ≥ cκ(r(o, x)) · id,
where
fκ(r) =
∫ r
0
sκ(t) dt =
{
1
κ
(1− cκ(r)) , κ 6= 0,
1
2r
2, κ = 0.
In particular, the volume element J(x) is bounded from below by J¯(r(x)) and
∆r(x) ≥ (n− 1) cκ(r(x))
sκ(r(x))
. Then J(r,θ)
J¯(r)
is monotone non-decreasing.
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2.2. Eigenfunctions on space forms. We denote by B(o¯, r) the geodesic ball
of radius r in space form Mnκ . It is known that the first normalized Dirichlet
eigenfunction for p−Laplace operator is radial on B(o¯, r). This follows from the fact
that the first eigenspace is simple [9, 15, 13] and that B(o¯, r) is radially symmetric.
In this subsection, we prove similar property of Problem 1.1 and 1.2.
Let 0 < r1 < r2. Assume further that r2 <
π√
κ
if κ > 0. For the simplicity, we
denote λp(B(o¯, r2) \B(o¯, r1)) and µp(B(o¯, r2) \B(o¯, r1)) by λ∗p and µ∗p respectively.
By the exactly same reason, we observe that the eigenfunction, corresponding to
either λ∗p or µ
∗
p, is radial. Thus we denote by R(r(x)) the normalized eigenfunction
corresponding to the eigenvalue λ∗p and by Q(r(x)) the normalized eigenfunction
corresponding to the eigenvalue µ∗p. Where r(x) is the distance function from o¯.
For R and Q, we have the following properties:
Proposition 2.2.
(1) R
′
(r) < 0 for r ∈ (r1, r2]. And R(r) satisfies the following differential equation:
(2.1) − (p− 1)(−R′)p−2R′′(r) − cκ(r)
sκ(r)
(−R′)p−2R′(r) = λ∗pRp−1(r)
in (r1, r2) with boundary data R
′
(r1) = 0 and R(r2) = 0.
(2) Q
′
(r) > 0 for r ∈ [r1, r2). And Q(r) satisfies the following differential equation:
(2.2) − (p− 1)(Q′)p−2Q′′(r) − cκ(r)
sκ(r)
(Q
′
)p−2Q
′
(r) = µ∗pQ
p−1(r)
for r ∈ (r1, r2) with boundary data Q(r1) = 0 and Q′(r2) = 0.
Proof. First we prove (1). In polar coordinates, it follows from PDE (1.3) that
−(p− 1)(−R′)p−2R′′(r)− n− 1
r
(−R′)p−2R′(r) = λ∗pRp−1(r).
Now we are in position to show R
′
(r) < 0 for r ∈ (r1, r2]. Assume by contradiction
that there exists r0 ∈ (r1, r2] such that R′(r0) = 0. Then we can define another
testing function R on B(o¯, r2) \B(o¯, r1) by
R(r) = R(r), for r ∈ [r0, r2),
and
R(r) = R(r0), for r ∈ [r1, r0).
It follows that∫
B(o¯,r2)\B(o¯,r1) |∇R(|x|)|p∫
B(o¯,r2)\B(o¯,r1) |R(|x|)|p
=
∫
B(o¯,r2)\B(o¯,r0) |∇R(|x|)|p∫
B(o¯,r2)\B(o¯,r1) |R(|x|)|p
<
∫
B(o¯,r2)\B(o¯,r0) |∇R(|x|)|p∫
B(o¯,r2)\B(o¯,r0) |R(|x|)|p
= λp(B(o¯, r2) \B(o¯, r1)).(2.3)
Where last equality holds by using equality (2.1), and boundary condition that
R
′
(r0) = R(r2) = 0. So we get a contradiction with the definition of λp(B(o¯, r2) \
B(o¯, r1)).
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To prove that Q
′
(r) > 0 for r ∈ [r1, r2), we assume by contradiction that there
exists r0 ∈ (r1, r2) such that Q′(r0) = 0. On one hand from the equation (2.2) and
boundary conditions Q
′
(r0) = 0 and Q(r1) = 0, it follows that∫
B(o¯,r0)\B(o¯,r1) |∇Q(|x|)|p∫
B(o¯,r0)\B(o¯,r1) |Q(|x|)|p
= µp(B(o¯, r2) \B(o¯, r1)),
which immediately implies
µp(B(o¯, r0) \B(o¯, r1)) ≤ µp(B(o¯, r2) \B(o¯, r1))
But on the other hand, it follows from the simlar argument as (2.3) that
µp(B(o¯, r0) \B(o¯, r1)) > µp(B(o¯, r2) \B(o¯, r1))
which is a contradiction. Thus the proposition holds. 
In fact, λp(B(o¯, r2) \ B(o¯, r1)) and µp(B(o¯, r2) \ B(o¯, r1)) are given by roots of
some Bessel equations. We refer to Section 3.2 in [19] for further details.
3. Faber-Krahn inequality
In this section, we make use of the Schwarz spherical rearrangement argument
(see also [3, 7, 8]) to prove Faber-Krahn-type inequalities. Suppose u is the nor-
malized eigenfunction corresponding to the eigenvalue λp(Ω). Let
a0 = max
C(Ω)
u > 0,
Ω(t) = {x ∈ Ω : u(x) > t},
and
Γt = {x ∈ Ω : u(x) = t}.
Now we are going to prove Theorem 1.3.
Proof of Theorem 1.3. For t ∈ [0, a0], let D∗(t) be the ball centered at the origin
such that
(3.1) Vol(D∗(t)) = Vol(Ω(t)) + Vol(D1),
and define a radial function h(x) on Ω∗ = D∗(0) \D∗(a0) by
h(x) = sup{t : x ∈ D∗(t)}.
Denote Ω∗(t) = {x ∈ Ω∗ : v(x) > t} and Γ∗t = ∂D∗(t). From the definition of Ω∗(t),
we see that
Vol(Ω∗(t)) = Vol(Ω(t)).
Using the co-area formula (see for example Chapter IV in [3]), we rewrite the above
identity as ∫ a0
t
∫
Γr
1
|∇u|dArdr =
∫ a0
t
∫
Γ∗r
1
|∇h|dA
∗
rdr,
where dAr and dA
∗
r denote the area element of Γr and Γ
∗
r respectively. Taking the
derivative of t yields
(3.2)
∫
Γt
1
|∇u|dAt =
∫
Γ∗t
1
|∇h|dA
∗
t .
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Using the co-area formula again, we have∫
Ω
updx =
∫ a0
0
tp
∫
Γt
1
|∇u|dAtdt
=
∫ a0
0
tp
∫
Γ∗t
1
|∇h|dA
∗
t dt
=
∫
Ω∗
hpdx.(3.3)
From (3.1), the isoperimetric inequality then gives that
(3.4) Area(Γ∗t ) ≤ Area(Γt).
Using holder inequality, we have
(3.5) Area(Γt) =
∫
Γt
dAt ≤ (
∫
Γt
1
|∇u|dAt)
p
p+1 (
∫
Γt
|∇u|pdAt)
1
p+1 .
Since v is a radial function, then we have the following equality
(3.6) Area(Γ∗t ) =
∫
Γ∗t
dA∗t = (
∫
Γ∗t
1
|∇h|dA
∗
t )
p
p+1 (
∫
Γ∗t
|∇h|pdA∗t )
1
p+1 .
Putting (3.2), (3.4), (3.5) and (3.6) together, we obtain∫
Γ∗t
|∇h|pdA∗t ≤
∫
Γt
|∇u|pdAt,
which gives
(3.7)
∫
Ω∗
|∇h|pdx ≤
∫
Ω
|∇u|pdx.
Hence by (3.3) and (3.7), we get
λp(Ω
∗) ≤
∫
Ω∗
|∇h|pdx∫
Ω∗ h
pdx
≤
∫
Ω
|∇u|pdx∫
Ω u
pdx
= λp(Ω).
When equality holds, we see from (3.4) that Γt is a round sphere for each t. Hence
Ω is isometric to Ω∗.
It follows from the same argument as above that
µp(Ω
∗) ≤ µp(Ω).
We omit the details here. 
Berard and Meyer [18] proved a Faber-Krahn inequality for the first nonzero
Dirichlet eigenvalue for the Laplacian on bounded domains in a Riemannian man-
ifold with Ricci curvature positive. The result was later generalized to the p-
Laplacian by Matei [9]. Here we use the Schwarz spherical rearrangement and
Gromov’s isoperimetric inequality (see [16, 17]) to give a similar Faber-Krahn in-
equality as in [9]. The proof uses same idea as that of Theorem 1.3. For the
completeness, we give the details.
Proof of Theorem 1.5. For t ∈ [0, a0], let D˜(t) be the ball in Sn centered at the
origin o¯ such that
(3.8) Vol(D˜(t)) = β(Vol(Ω(t)) + Vol(D1)),
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and define a radial function h(x) on Ω˜ = D˜(0) \ D˜(a0) by
h(x) = sup{t : x ∈ D˜(t)}.
Let Ω˜(t) = {x ∈ Ω˜ : v(x) > t} and Γ˜t = ∂D˜(t). Then using the co-area formula
again, similar argument as in (3.2) shows
(3.9) β
∫
Γt
1
|∇u|dAt =
∫
Γ˜t
1
|∇h|dA˜t.
Hence, we obtain that
β
∫
Ω
up = β
∫ a0
0
tp
∫
Γt
1
|∇u| =
∫
Ω˜
hp.(3.10)
Since (3.8) holds, Gromov’s isoperimetric inequality [16, 17] then gives that
(3.11) βArea(Γt) ≥ Area(Γ˜t).
Therefore, we get similarly as (3.7) that∫
Γ˜t
|∇h|pdA˜t ≤ β
∫
Γt
|∇u|pdA˜t,
which gives
(3.12)
∫
Ω˜
|∇h|p ≤ β
∫
Ω
|∇u|p.
Hence by (3.10) and (3.12), we get
λp(Ω) =
∫
Ω |∇u|p∫
Ω u
p
≥
∫
Ω˜
|∇h|p∫
Ω˜
hp
≥ λp(Ω˜),
which proves (1.7). Similar proof shows (1.8). This completes the proof of Theorem
1.5. 
4. Cheng-type comparison theorems
In this section, we combine Cheng’s argument of transplanting and applying
the volume comparison theorem (Theorem 2.1) to prove Cheng-type eigenvalue
comparison theorems.
Proof of (1.9). For 0 < r1 < r2, denote by u0 the normalized eigenfunction with
respect to eigenvalue λp(B(o¯, r2)\B(o¯, r1)). For the sake of convenience, we denote
λp(B(o¯, r2) \ B(o¯, r1)) by λ∗p. Recall from (1) of Proposition 2.2 that, u0 = R(|x|)
is a radial function satisfying
−div(|∇u0|p−2∇u0) = λ∗p|u0|p−2u0
for r ∈ (r1, r2) and boundary data R′(r1) = 0, R(r2) = 0, and R′(r) < 0 for
r ∈ (r1, r2].
We define a trial function u(x) on B(o, r2) \B(o, r1) as
(4.1) u(x) = R(d(x)),
where d(x) is the distance function from o in M .
To prove (1.9), one just need to show that for the testing function u above∫
B(o,r2)\B(o,r1)
|∇u|pdx ≤ λ∗p
∫
B(o,r2)\B(o,r1)
|u|pdx.
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Observe that
(4.2) J(r, θ)∇u = ∇(Ju
Jκ
)Jκ − ∇J
Jκ
Jκu+
∇Jκ
Jκ
Ju,
then we compute∫
B(o,r2)\B(o,r1)
|∇u|pdx =
∫
Sn−1
∫ min{r2,l(θ)}
min{r1,l(θ)}
|∇u|pJ(r, θ)drdθ
=
∫
Sn−1
∫ min{r2,l(θ)}
min{r1,l(θ)}
|∇u|p−2〈∇u,∇(Ju
Jκ
)〉Jκdrdθ
+
∫
Sn−1
∫ min{r2,l(θ)}
min{r1,l(θ)}
|∇u|p−2[−ur(∂rJ
J
− J
′
κ
Jκ
)]uJdrdθ.(4.3)
Where l(θ) is defined in Section 2. By the assumption on the Ricci curvature
RicM ≥ (n− 1)κ, Bishop comparison theorem ( (1) of Theorem 2.1) gives that
(4.4)
∂rJ(r, θ)
J(r, θ)
≤ J
′
κ
Jκ
.
Combing with ur = R
′
(r) < 0, we then see
− ur(∂rJ
J
− J
′
κ
Jκ
) ≤ 0.(4.5)
It follows from (4.4) and (4.5) that∫
B(o,r2)\B(o,r1)
|∇u|pdx =
∫
Sn−1
∫ min{r2,l(θ)}
min{r1,l(θ)}
|∇u|pJ(r, θ)drdθ
≤
∫
Sn−1
∫ min{r2,l(θ)}
min{r1,l(θ)}
|∇u|p−2〈∇u,∇(Ju
Jκ
)〉Jκdrdθ
=
∫
Sn−1
∫ min{r2,l(θ)}
min{r1,l(θ)}
|∇u0|p−2〈∇u0,∇(Ju0
Jκ
)〉Jκdrdθ
=
∫
Sn−1
∫ min{r2,l(θ)}
min{r1,l(θ)}
−div(|∇u0|p−2∇u0)Ju0
Jκ
Jκdrdθ
+
∫
{θ:r1<l(θ)<r2}
|∇u0|p−2 ∂u0
∂r
(l(θ), θ)u0(l(θ), θ)J(l(θ), θ)dθ.
From Proposition 2.2, it follows that for l(θ) ∈ (r1, r2)
∂u0
∂r
(l(θ), θ) = R
′
(l(θ)) ≤ 0,
which immediately gives∫
B(o,r2)\B(o,r1)
|∇u|pdx ≤
∫
Sn−1
∫ min{r2,l(θ)}
min{r1,l(θ)}
−div(|∇u0|p−2∇u0)Ju0
Jκ
Jκdrdθ
= λ∗p
∫
B(o,r2)\B(o,r1)
|u|pdx.
This proves the claim, hence inequality (1.9). When equality holds, from (4.4) we
know that ∂rJ(r,θ)
J(r,θ) =
J
′
κ
Jκ
. Hence we get that B(o, r2) is isometric to B(o¯, r2) (see
also [3, 8]). 
10 KUI WANG
Proof of (1.10). Now we assume that sectional curvature of M is bounded from
above by κ, then the Rauch’s comparison theorem ((2) of Theorem 2.1) gives that
(4.6)
∂rJ(r, θ)
J(r, θ)
≥ J
′
κ
Jκ
.
To prove the theorem, we claim firstly that for u given by (4.1)
−div(|∇u|p−2∇u) ≥ λ∗pup−1
inB(o, r2)\B(o, r1) in the sense that: for any nonnegative function η ∈W 1,p(B(o, r2)\
B(o, r1)) with η = 0 on ∂B(o, r2),
(4.7)
∫
B(o,r2)\B(o,r1)
|∇u|p−2〈∇u,∇η〉dx ≥ λ∗p
∫
B(o,r2)\B(o,r1)
|u0|p−1ηdx.
To prove (4.7), using (4.2) again, we compute
∫
B(o,r2)\B(o,r1)
|∇u|p−2〈∇u,∇η〉dx =
∫ r2
r1
∫
Sn−1
|∇u|p−2〈∇u,∇η〉J(r, θ)dθdr
=
∫ r2
r1
∫
Sn−1
|∇u|p−2〈∇u,∇(Jη
Jκ
)〉Jκdθdr
+
∫ r2
r1
∫
Sn−1
|∇u|p−2[−ur(∂rJ
J
− J
′
κ
Jκ
)]ηJdθdr
≥
∫ r2
r1
∫
Sn−1
|∇u|p−2〈∇u,∇(Jη
Jκ
)〉Jκdθdr
=
∫
B(o¯,r2)\B(o¯,r1)
|∇u0|p−2〈∇u0,∇(Jη
Jκ
)〉dx¯
= λ∗p
∫
B(o¯,r2)\B(o¯,r1)
|u0|p−1η J
Jκ
dx¯
= λ∗p
∫
B(o,r2)\B(o,r1)
|u0|p−1ηdx,
where we used that (4.6) and ∂
∂r
u = R
′
(r) < 0 in the inequality. Here and thereafter
we denote by dx¯ the volume element in space form Mnκ , which means
dx¯ = J¯(r)drdθ.
Thus we proved (4.7), hence the claim.
Let v(x) be the normalized eigenfunction with respect to eigenvalue λp(B(o, r2)\
B(o, r1)) and choose a testing function as
η(x) =
vp
up−1
,
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which is a nonnegative function in W 1,p(B(o, r2)\B(o, r1)) with η = 0 on ∂D2 (e.g.
Appendix A in [6]). Substituting η(x) to inequality (4.7), we deduce
λ∗p
∫
B(o,r2)\B(o,r1)
vpdx ≤
∫
B(o,r2)\B(o,r1)
|∇u|p−2〈∇u,∇ v
p
up−1
〉dx
= −(p− 1)
∫
B(o,r2)\B(o,r1)
|∇u|p v
p
up
dx
+p
∫
B(o,r2)\B(o,r1)
|∇u|p−2〈∇u,∇v〉v
p−1
up−1
dx.(4.8)
Using Young inequality ap−1b ≤ p−1
p
ap + 1
p
bp with a = v
u
|∇u| and b = |∇v|, we
have that ∫
B(o,r2)\B(o,r1)
|∇g|pdx+ (p− 1)
∫
B(o,r2)\B(o,r1)
|∇u|p v
p
up
dx
≥ p
∫
B(o,r2)\B(o,r1)
|∇u|p−2〈∇u,∇v〉v
p−1
up−1
dx.(4.9)
Putting (4.8) and (4.9) together, we conclude that
λ∗p
∫
B(o,r2)\B(o,r1)
vpdx ≤
∫
B(o,r2)\B(o,r1)
|∇v|pdx,
which gives (1.10). 
For the eigenvalue µp, we use a similar trial function u(x) = Q(|x|), where Q
is defined in Proposition 2.2. Here Q
′
(r) > 0 for r ∈ [r1, r2), so we have that if
RicM ≥ (n− 1)κ,
µp(B(o, r2) \B(o, r1)) ≤ µp(B(o¯, r2) \B(o¯, r1));
and if KM ≤ κ, we have
µp(B(o, r2) \B(o, r1)) ≥ µp(B(o¯, r2) \B(o¯, r1)).
5. An Eigenvalue comparison inequality on minimal manifolds
In this section, we assume that Mn is a minimally immersed manifold of Rn+l,
l > 1.
For any given o ∈ Mn, we denote by do(x) = |o − x| the distance function in
R
n+l. Denote by ∇ and △ the covariant derivative and Laplace operator on Mn
respectively. In this section, we only consider the Laplace operator. A comparison
inequality of Dirichlet eigenvalue was proved by Cheng, Li and Yau (see Corollary
3) in [2]. Now we use Cheng’s argument of transplanting to prove the analogous
inequality for µ2. We observe that (see e.g. [2]) by minimality of M in R
n+l,
(5.1) △d2o(x) = 2n,
for any o, x ∈M . Now we are going to prove Theorem 1.8.
Proof of Theorem 1.8. Recall that D(o, r) = {x ∈ M,do(x) < r}. Define a trial
function u(x) on D(o, r2) \D(o, r1) by
u(x) = Q(do(x)),
where Q(x) is the normalized eigenfunction for B(o¯, r2) \B(o¯, r1) in Rn, character-
ized in Proposition 2.2.
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We compute by using (5.1) that
△u(x) = Q′′(do(x))|∇do(x)|2 +Q
′
(do(x))△do(x)
= (Q
′′ − Q
′
do(x)
)|∇do(x)|2 + n Q
′
do(x)
.(5.2)
Now we claim that Q
′′ − Q
′
r
≤ 0 for r ∈ (r1, r2). Then from the fact |∇d| ≤ 1, we
deduce that
(5.3) △u(x) ≥ (Q′′ − Q
′
do(x)
) + n
Q
′
do(x)
= −µ2(B(o¯, r2) \B(o¯, r2))u(x),
where we used equality (2.2) for the case p = 2. Then we conclude that
µ2(D(o, r2) \D(o, r1)) ≤ µ2(B(o¯, r2) \B(o¯, r2)),
which proves the theorem. When equality holds, we see that |∇do| = 1. Combing
with (5.1), we get that D(o, r2) \D(o, r1) is totally in Rn.
Now we prove the claim. Denote Q
′′ − Q
′
r
by f(r). First notice that
f(r1) = − n
r1
Q
′
(r1) < 0.
If f(t) ≥ 0, that gives −µ∗2Q ≥ ntQ
′
. Then we compute
f
′
(t) = −µ∗2Q
′
+
n
t2
Q
′ − n
t
Q
′′
= −µ∗2Q
′
+
n
t2
Q
′
+
n
t
(
n− 1
t
Q
′
+ µ∗2Q)
≤ −µ∗2Q
′
≤ 0,
which yields f(r) ≤ 0. This proves the claim, hence the theorem. 
6. Proof of Theorem 1.9
LetDǫ ⊂⊂ D2 in Rn. In this section, we denote by λp(ǫ) and µp(ǫ) the eigenvalue
λp(D2 \Dǫ) and µp(D2 \Dǫ) respectively. Now we are going to prove Theorem 1.9.
6.1. Proof of estimate (1.15). Let uǫ be the corresponding normalized eigen-
function of D2 \Dǫ with eigenvalue λp(ǫ) of Problem 1.1 and Dǫ goes to empty as
ǫ → 0. Denote by u0 the normalized eigenfunction on D2 with respect to the 1st
Dircichlet eigenvalue λp,0 defined in (1.14). It is well known that (see [12, 14])
|u0|C1(D2) ≤ C,
where C is a constant independent of ǫ. Using u0 as a trial function for λǫ, we get
λp(ǫ) ≤
∫
D2\Dǫ |∇u0|pdx∫
D2\Dǫ |u0|pdx
≤
∫
D2
|∇u0|pdx∫
D2
|u0|pdx−
∫
Dǫ
|u0|pdx
≤ λ0
1− C Vol(Dǫ)
≤ λ0 + C Vol(Dǫ).(6.1)
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Where C is a constant which is independent of ǫ, although it changes from line to
line.
6.2. The uniform bound for uǫ. To prove the lower bound of λp(ǫ), we need the
upper bound estimate of uǫ. The key point is that the bound is independent of ǫ
as ǫ→ 0. More precisely, we prove the following lemma:
Lemma 6.1.
(6.2) max
x∈∂Dǫ
uǫ ≤ C,
where C is a constant which is independent of ǫ.
Proof of Lemma 6.1. Choose a fixed small ball Bo(2η) ⊂⊂ D2 centered at o with
radius 2η such that Dǫ ⊂ Bo(η) and λp,0(Bo(2η)) ≥ λp(ǫ) + 1. This can be done
due to the estimate (1.15).
Let w(x) be the corresponding normalized Dirichlet eigenfunction. Define a
function h(x) in Bo(2η) \Dǫ by
h(x) =
uǫ
w
.
First we claim that h(x) can not attain the maximum in the interior of Bo(η) \Dǫ.
Assume by contradiction that h(x) attains a maximum at x0 ∈ Bo(η) \Dǫ. Then
at x0 we have that
∇uǫ
uǫ
=
∇w
w
6= 0.
Thus in a small neighborhood of x0, equation (1.3) is strictly elliptic. That means
that in a neighborhood of x0, uǫ is twice differentiable and satisfies
−〈∇|∇uǫ|p−2,∇uǫ〉 − |∇uǫ|p−2△uǫ = λp(ǫ)up−1ǫ .
Using that ∇h(x0) = 0, we have that at x0
−div(|∇w|p−2∇w)h− |∇w|p−2w(△h+ (p− 2)∇2h( ∇w|∇w| ,
∇w
|∇w| )) = λp(ǫ)hw
p−1.
Since λp,0(Bo(2η)) > λp(ǫ), then we have
△h+ (p− 2)∇2h( ∇w|∇w| ,
∇w
|∇w| ) > 0,
which contradicts with that x0 is a maximum point of h, and hence gives the claim.
Now we are using the maximum principle to prove the lemma. Let ν be the
outward normal direction; normal to the boundary of Dǫ. Then on ∂Dǫ, we take
the normal derivative of h and obtain that
∂
∂ν
h = − h
w
∂
∂ν
w = − h
w
〈ν, ∂
∂r
〉 ∂
∂r
w > 0,
where the last inequality we used that the star-shapeness and w is a radial function
satisfying ∂
∂r
w < 0 for r > 0 (see for example [9, 10]). Then we can conclude that
h can not achieve the maximum on ∂Dǫ, and therefore
(6.3) max
Bo(η)\Dǫ
uǫ
w
≤ max
∂Bo(η)
uǫ
w
.
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The standard Moser’s iteration argument (see for example Section 11 in [15]) gives
that
max
∂Bo(η)
uǫ ≤ C.
Therefore, we proved the lemma. 
6.3. Proof of (1.16). To prove (1.16), Similar computation as (4.8) and (4.9)
shows that
λp,0
∫
D2\Dǫ
upǫdx = −
∫
∂Dǫ
upǫ
u
p−1
0
|∇u0|p−2 ∂u0
∂ν
dAǫ +
∫
D2\Dǫ
〈∇u
p−1
ǫ
u
p−1
0
, |∇u0|p−2∇u0〉dx
≤
∫
∂Dǫ
upǫ
u
p−1
0
|∇u0|p−1dAǫ +
∫
D2\Dǫ
|∇uǫ|p−1dx
= O(Area(∂Dǫ)) +
∫
D2\Dǫ
|∇uǫ|p−1dx,
where we used the boundness of uǫ proved in Lemma 6.1. Then we get
λp(ǫ) ≥ λp,0 −O(Area(∂Dǫ)).
6.4. Proof of the sharpness of (1.15). Now we explain that inequality (1.15) is
sharp in the decay rate of the volume of Dǫ. By direct calculations, one can show
the following variational formula for λp(ǫ) (see for example Section 6 in [5])
(6.4) λ˙p(ǫ) =
∫
∂Dǫ
(|∇uǫ|p − λp(ǫ)upǫ )〈X, ν〉dA,
where uǫ is the normalized eigenfunction, λp(ǫ) is the eigenvalue of D2 \ Dǫ and
X is the variation field of ∂Dǫ. We consider D2 as the round unit ball centered at
the origin and Dǫ as the round ball centered at the origin with radius ǫ. We see
from Proposition 2.1 that uǫ is radial with Neumann condition on ∂Dǫ, and then
|∇uǫ| = 0 on ∂Dǫ. Consequently, it follows from (6.4) that
λ˙p(ǫ) =
∫
∂Dǫ
(−λp(ǫ)upǫ )〈X, ν〉dA = O(Area(∂Dǫ)) = O(ǫn−1).
Here in the second equality we used the lower bound of λp(ǫ) given in (1.16). Thus,
by elementary calculus we have
λp(ǫ) = λp,0 +O(ǫ
n) = λp,0 +O(Vol(Dǫ)),
which gives the sharpness of (1.15). Where we have used equality λp(0) = λp,0
which is deduced from estimates (1.15) and (1.16).
6.5. Proof of estimate (1.17). Lastly, we turn to prove that µp(ǫ) := µp(D2 \
Dǫ)→ 0. Denote
Eǫ = {x : dist(x,Dǫ) < η(ǫ)},
where η(ǫ) is specified later. Define a trial function w on D2 \Dǫ by
w =
{
dist(x,Dǫ), x ∈ Eǫ \Dǫ,
η(ǫ), x ∈ D2 \ Eǫ.
From the above definition of w, it follows trivially that
|∇w| ≤ 1, for any x ∈ Eǫ \Dǫ,
|∇w| = 0, for any x ∈ D2 \ Eǫ,
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and w ∈W 1,p(D2 \Dǫ) with Dirichlet condition in ∂Dǫ. We estimate µp(ǫ) by
µp(ǫ) ≤
∫
D2\Dǫ |∇w|pdx∫
D2\Dǫ |w|pdx
≤
∫
Eǫ\Dǫ |∇w|pdx
Cη2(ǫ)
≤ Vol(Eǫ \Dǫ)
Cη2(ǫ)
.(6.5)
If we choose η(ǫ) = O(diam(Dǫ)), then (6.5) gives
µp(ǫ) ≤ Vol(Eǫ \Dǫ)
Cη2(ǫ)
≤ diam
n(Dǫ)
C diam2(Dǫ)
= C diamn−2(Dǫ).
We complete the proof of Theorem 1.9.
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